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Abstract 
In this paper, we firstly propose a new variational model for partly noisy image decomposition by introducing a 
texture detecting function. Secondly, we prove the existence and uniqueness of minimal solutions of our proposed 
model. Thirdly, we give our algorithm, and write down the pseudo-codes of the specific steps. Finally, we show some 
numerical experiments, and the simulation results show that our model can effectively decompose cartoon and texture 
for images with Gaussian noise. 
© 2011 Published by Elsevier Ltd.  
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1. Introduction 
The image decomposition is an important work in image processing. Given f  be an image contained 
texture, i.e. f u v= + , where u  is cartoon part, and v  is oscillating contained texture. Many PDE-
methods have been offered for this kind image decomposition, such as AABC model, ROF model and 
other models[1-10]. In this paper, we mainly discuss a decomposition method for noisy images. 
In 1992, Rudin[8] et al. presented the ROF model to remove the noise. The model is 
( ) 22min   .
2 L
E u Du u f
λ= + −∫
As we know, the model can also be used for image decomposition.  
In 2009, Li[5] et al. designed a variational denoising model for partly textured images by introducing a 
texture detecting function in the ROF model. The model is to minimize the following energy functional 
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( ) 2min  (1 )( ) .
2
E u u dx g u f dx
λ= ∇ + − −∫ ∫
where g is the texture detecting function according to the derivatives of the noisy image with texture. Li et 
al. use the total variation(TV) flow to remove the noise, that is, ( ).f t div f f∂ ∂ = ∇ ∇  And then, they 
offered to extend the structure tensor by using the first and second order derivatives to extract the texture 
feature in a noisy image. The six feature channels are as follows 
1 2 1 2 1 1 2 2 1 2
2 2 2 2 2
1 2 3 4 5 6, , , , , .x x x x x x x x x xu f u f u f f u f u f u f= = = = = =
Since the noise in f  is amplified by taking derivatives, they again used the TV flow to denoise each part 
iu ,i.e. ( ) ,i i iu t div u u∂ ∂ = ∇ ∇  and gave a detecting function as ( )21 2 1 2( , ) 1 1 ( , ) ,g x x k x x= + Λ  where k
is a positive constant and 1 2( , )x xΛ  is the largest eigenvalue of the geometric matrix 
1 1 2
1 2 2
6 6
2
1 1
6 6
2
1 1
1 ( ) , ( ) ( )
.
( ) ( ) , 1 ( )
i x i x i x
i i
i x i x i x
i i
u u u
u u u
= =
= =
⎛ ⎞+ ∑ ∑⎜ ⎟
⎜ ⎟+⎜ ⎟∑ ∑⎝ ⎠
From the above construction, we can see that each component of u  is near zero such that g  goes to one 
in the homogeneous regions; at least one component of u  is very large such that g  goes to zero in the 
regions with texture or noise. 
Models mentioned above are mainly aimed at noise-free image decomposition and partly textured 
image denoising. Hence, the image decomposition task is challenging and important for a noisy image. 
Let f  be decomposed into a sum of three components, i.e. f u v w= + + , such that u  represents the 
cartoon component of f , which is the geometric or structural component of f , v  is the texture 
component, and w  is the noise component. In 2004, Vese[10] et al. used two steps for noisy image 
decomposition. Firstly, they removed noise. Secondly, they decomposed denoisy image into cartoon and 
texture parts. As we know, the results of image decomposition are a direct relationship with denoisy 
images. At present, there are no well methods to decompose texture and noise. 
The rest of the paper is organized as follows. In section 2, we construct a novel decomposition model 
and write out the execution algorithm. In section 3, we show the existence of minimal solutions of our 
proposed model. In section 4, we show some experimental results. In section 5, we give some conclusions 
and discussions. 
2. Our Proposed Model and Algorithm 
In this section, we develop a new model for noisy image decomposition inspired by ROF model and 
the texture detecting function[5]. We are to minimize the following energy functional 
( ) 2 2min  , + (1 ) ( ) .
2 2
E u v g Du g v dx f u v dx
λ μ= − + − −∫ ∫ ∫
where λ and μ  are two positive constants, BV( )u∈ Ω  is cartoon part of f , 2 ( )v L∈ Ω  is texture part, 
and 2 ( )w L∈ Ω  is residue component or noise, i.e. .w f u v= − −  We call that the first term is the 
regularization term on cartoon part u , the second term is test term on texture component v , and the third 
term is fidelity term. According to the definition of texture detection function for (0,  1),g ∈  we can see 
that the first and third terms play more roles when g  tends to one in the cartoon domain, and the second 
and third terms take the more important part when g goes to zero in the texture or noise region. 
In order to solve the minimal solutions of our proposed model, we can first compute the Euler-
Lagrange equations. And then, we use the steepest descent method to find the evolvement equations. 
There are as following 
( ) ( )0 ,u div g u u u v fτ μ∂ ∂ = ⋅∇ ∇ − + −                                                                                         (1) 
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1 (1 ) ( ).v g v f u vτ λ μ∂ ∂ = − − + − −                                                                                                     (2) 
In this paper, we follow the alternating iterative algorithm to implement the above evolution equations, 
the alternating minimization algorithm is running in the order of (1) (2) (1) (2) .→ → → →L  We will 
employ pseudo-codes to write down the specific steps in the following.  
Firstly, we compute the texture detecting function .g
(1) Denoising a noisy image f  by TV flow 
Initialize (0) 0,u f τ τ= = (Default 1).  
For n (Default 20), ( )( )( )( 1) ( ) ( ) ( ) ,n n n nu u div u uτ ε+ ← + ∇ ∇ +  End 
We can get denoising result Endu I→ . If the image is a noise-free image, we just take 3.n =
(2) Denoising the six channels using TV flow 
Initialize 0τ τ= (Default 1), 1 2 1 2 1 1 2 2 1 22 2 2 2 21 2 3 4 5 6, , , , , .x x x x x x x x x xu I u I u I I u I u I u I= = = = = =
For n (Default 2), ( )( )( )( 1) ( ) ( ) ( ) ,n n n ni i i iu u div u uτ ε+ ← + ∇ ∇ + End
(3) Computing the detecting function .g
Secondly, we decompose the noisy image by the evolution equations. 
Initialize (0) (0) (0) 1 0 2 0,  255* , ,u z v u g τ τ τ π= = − = =  (Default 2), 0k k= (Default 0.05 for noisy 
image, 75 10−×  for noise-free image), 0 ,λ λ= 0μ μ= (Default 0.001),  
For n (Default 20), ( )( )( 1) ( ) ( ) ( ) ( ) ( )1 1( ),n n n n n nu u div g u u u v fτ ε μτ+ ← + ∇ ∇ + − + −
( ) ( )( 1) ( ) ( ) ( 1) ( )2 21 ,n n n n nv v g v f u vλτ μτ+ +← − − + − − End
After running, we can receive the results of image decomposition by our model, which include cartoon 
part Endu u← , texture part Endv v← , and residual part or noise .w f u v← − −
3. Existence of Minimal Solutions 
In this section, we prove existence of minimal solutions of our energy functional model. In order to 
facilitate in the proof, we can write down the above model as follow 
( ) 2 2min , , + (1 ) ,
2 2
E u v w g Du g v dx w dx
λ μ
Ω Ω Ω
= − +∫ ∫ ∫ ( ) ( ) ( )2BV ,  ,  .u v L w∈ Ω ∈ Ω ∈ Ω                  (3) 
where .w f u v= − −
Theorem Let ( ) ,f L∞∈ Ω there is a unique minimal solution 2 2ˆ ˆ ˆ( , , ) BV( ) ( ) ( )u v w L L∈ Ω ∩ Ω ∩ Ω  in 
the above energy functional model (3). 
Proof: (Existence) Let { }( , , )n n nu v w  be a minimizing sequence for the functional (3), there is a 
generalized constant M  such that  
2 2( , , ) (1 ) .
2 2n n n n n n
E u v w g Du g v dx w dx M
λ μ
Ω Ω Ω
= + − + ≤∫ ∫ ∫
Accordingly to 2
2, (1 ) , .n n n Lg Du M g v dx M w MΩ Ω≤ − ≤ ≤∫ ∫ Since (0,1),g ∈ let 1 1 (0,1),g g= − ∈  we 
have 2 2
2 22 2
1 1,  ,L Lg g dx g g dxΩ Ω= ≤ Ω = ≤ Ω∫ ∫ where | |⋅  is Lebesgue measure. Thus, ,nDu MΩ ≤∫
2 .n Lv M≤ Therefore, we get two sequences { },  { }n nv w  which are uniformly bounded in 2 ( ).L Ω So,
there exist two subsequences { },  { }n nv w and two functions ˆ ˆ,w v  in 
2 ( )L Ω , such that 2ˆ,  ,nv v L weak→ −
2ˆ ,  .nw w L weak→ − Due to ( ) ( )2 1 ,L LΩ ⊂ Ω we have the above two sequences which are uniformly 
bounded and strong convergence in 1( ).L Ω
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According to the above results, we earn 1 1 1 1 1 .n n n n nL L L L Lu f v w f v w M= − − ≤ + + ≤ Rewriting
Poincare-Wirtinger inequality,
2 BV
,n n n
L
u u C u
Ω
− Ω ≤∫ we gain the sequence{ }nu which is uniformly 
bounded in ( ) ( )2 1, ,L LΩ Ω and in ( )BV .Ω  So, there exist a subsequence { }nu  and uˆ  in BV( ),Ω  such 
that ˆ,  BV .nu u w
∗→ −  Because to lower semi-continuity for BV( )Ω  and 2 ( ),L Ω  we can derive 
2 2ˆ ˆ ˆ( , , ) liminf ( , , ) liminf (1 ) .
2 2n n n n n nn n
E u v w E u v w g Du g v dx w dx
λ μ
Ω Ω Ω→∞ →∞
⎧ ⎫≤ ≤ + − +⎨ ⎬⎩ ⎭∫ ∫ ∫
(Uniqueness) We can easily draw that the energy functional ( , , )E u v w  is convex on ,  ,  u v w ,
respectively. Next, we will prove the strict convexity of the energy functional (3). If there are a constant 
(0,1),t ∈ and two vectors ( , , ),  1, 2,i i iu v w i =  such that 
( ) ( )( )( ) ( ) ( ) ( )1 1 1 2 2 2 1 1 1 2 2 2, , 1 , , , , 1 , , .E t u v w t u v w tE u v w t E u v w+ − = + −
that is,   ( ) ( ) ( )( )1 1 1 2 2 2, , 1 , ,E t u v w t u v w+ −
( ) ( ) ( )2 22 22 21 1 1 2 2 21 1 12 2 2 2L Lt g Du g v dx w t g Du g v dx w
λ μ λ μ⎛ ⎞ ⎛ ⎞= + − + + − + − +⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠∫ ∫ ∫ ∫
( )( ) ( )( ) ( ) ( )( )2 22 2 2 21 2 1 2 1 21 1 1 1 .2 2L Lg t Du t Du t w t w g tv t v dxμ λ= + − + + − + − + −∫ ∫
Comparing the second and third terms of the first equation with those of the third equation, 
respectively, there are 1 2 1 2,  .w w v v= = And because 1 1 1 2 2 2 .f u v w u v w= + + = + +  we can see 
1 2 .u u= Therefore, the minimizing energy functional ( , , )E u v w is strictly convex on ,  ,  u v w , respectively. 
In the end, we can receive that there is a unique minimal solution. 
4. Numerical Experiments 
In this section, we show some numerical results by our proposed model in the following. In our 
experiments, we take the space step 1,h =  time step 0 1 2,τ τ= =  20 iterations. 
(a)                              (b)                             (c)                             (d)                             (e)                              (f) 
Fig.1. Decomposition of the noisy Logo image. (a) Noise-free Logo image, (b) Noisy Logo image, (c) Cartoon part of our proposed
model, (d) Texture of our proposed model, (e) Residual part or noise of our proposed model, (f) Texture detecting function. 
(a)                             (b)                             (c)                             (d)                             (e)                              (f) 
Fig.2. Decomposition of the noisy Badge image. (a) Noise-free Badge image, (b) Noisy Badge image, (c)Cartoon part of our 
proposed model, (d) Texture of our proposed model. (e) Residual part or noise of our proposed model, (f) Texture detecting function. 
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Fig.1 and Fig.2 show the decomposition results of the Logo image and Badge image with Gaussian 
noise. By observing the cartoon parts of Fig.1-2.(c), we can see that the cartoon parts are decomposed 
well form the noisy Logo and Badge images. In the same way, we can know that the texture parts are 
largely separated from the noisy Logo and Badge images by analyzing Fig.1.(d) and Fig.2.(d), but they 
contain a part of noise at the same time. Texture detection functions in Fig.1-2.(f) basically identify the 
texture parts of noisy images, but also include a fraction of the edge of noise. 
5. Conclusion and Discussions 
In this paper, we have proposed a new model for partly noisy image decomposition by introducing a 
texture detecting function. Simultaneously, we also prove the existence and uniqueness of solutions of the 
minimal functional (3). From the numerical simulations, we can see that our proposed model not only 
processes well for noise-free images, but also deals with images with Gaussian noise. However, we can 
not perfect decompose texture and noise for noisy images. Further study will focus on these problems, 
such as, noisy images with large variance, multiplicative noisy images, the existence of the evolution 
equations, etc. 
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